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Representation of ﬁnite groups
Characters of solvable groups
Isaacs conjectured that if G is solvable and α and β are faithful
characters of G such that αβ is irreducible, then G is cyclic. In this
paper, we shall prove that the conjecture holds if either G is an
M-group or G has Fitting height at most 4.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
In [2], Isaacs conjectured the following.
Conjecture A. A solvable group having an irreducible character that factors as a product of two faithful char-
acters is necessarily cyclic.
In [2], he proved some results in that direction, and using them, he showed that Conjecture A
holds for solvable groups of Fitting height at most 3, and in particular, it holds for supersolvable
groups.
In this paper, we shall prove the following theorem.
Theorem 1. Let G be an M-group and suppose that some irreducible character of G is a product of two faithful
characters. Then G is cyclic.
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Conjecture B. Let V be a simple F G-module, where F is a ﬁeld. Suppose that we can factor G = XY , where X
and Y are subgroups of G, and each of X and Y has a nonzero ﬁxed point in V . Then V acts trivially on V .
Concerning Conjecture B, we prove the following results.
Theorem 2. Let V be a simple F G-module, where F is a ﬁeld of characteristic p > 0, where p is a prime.
Let G be a group such that G/O p′.p(G) is nilpotent. Suppose that we can factor G = XY , where X and Y are
subgroups of G, and each of X and Y has a nonzero ﬁxed point in V . Then V acts trivially on V .
Using Theorem 2, we can prove the following.
Corollary 3. Suppose that G is solvable and that some irreducible character of G factors as a product of two
faithful characters. If G is not cyclic, then its Fitting height is at least 5.
2. Proof of Theorem 1
We begin our work toward a proof of Theorem 1. We need some lemmas.
Lemma 2.1. (See [2, Theorem E].) Let V be a simple F G-module, where F is a ﬁeld. Suppose that we can factor
G = XY , where X and Y are subgroups of G, and each of X and Y has a nonzero ﬁxed point in V . If G acts
nontrivially on V , then F has prime characteristic p and the following hold.
(a) p divides |X | and |Y |.
(b) If X is solvable, then p divides |G : Y |.
(c) If G is solvable, then p divides dimF (V ).
(d) If N  G is a p′-subgroup and N = (N ∩ X)(N ∩ Y ), then N acts trivially on V .
(e) G is not p-nilpotent.
Lemma 2.2. Let V be an absolutely irreducible monomial G-module, where G = XY and each of X and Y has
a nonzero ﬁxed point in V . Then V is trivial G-module.
Proof. By Lemma 2.1, we may assume that the characteristic is a prime p, and let ϕ be the Brauer
character associated with V . Since V is monomial, we have ϕ = μG , where μ is a linear Brauer
character of some subgroup H ⊆ G . Let K be the kernel of μ, so K  H and H/K is a cyclic p′-group.
Now (μG)X has a principal constituent, so by Mackey’s theorem, there exists g ∈ G such that the
restriction of μg to X ∩ Hg lies under the principal character of X . This restriction is trivial, therefore,
and thus X ∩ Hg ⊆ K g , so X g−1 ∩ H ⊆ K . We can replace X by X g−1 and assume that X ∩ H ⊆ K and
similarly, Y ∩ H ⊆ K . (And note that after these replacements, we still have XY = G .)
Now let λ be an ordinary linear character of H/K that lifts μ, and let χ = λG . Then χ0 = ϕ , so
χ ∈ Irr(G). Also, by Mackey, (λH∩K )X is a constituent of χX . But H ∩ X ⊆ K , so the restriction of λ to
this subgroup is trivial, and thus χX has a principal constituent, as does χY . By Lemma 2.1, χ is the
principal character, and thus ϕ is the principal character, as wanted. 
Lemma 2.3. Let G be an M-group and let V be a simple F G-module, where F is a ﬁeld of characteristic p > 0,
where p is a prime. Suppose that we can factor G = XY , where X and Y are subgroups of G, and each of X
and Y has a nonzero ﬁxed point in V . Then G acts trivially on V .
Proof. We can view V as an EG-module, where E ⊇ F is a maximal subﬁeld of the division ring of
FG-endomorphisms of V . Since E is the full ring of endomorphisms of V as EG-module, we see that
V is absolutely irreducible as an EG-module.
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G acts trivially on V .
The next result is Theorem 1.
Theorem 2.4. Let G be an M-group and suppose that some irreducible character of G is a product of two
faithful characters. Then G is cyclic.
Proof. Let G be a counterexample to the theorem and suppose that some irreducible character of G
factors as a product of the faithful characters α and β . By [2, Theorem 2.3], not every minimal normal
subgroup of G is central.
Let M be a noncentral minimal normal subgroup of G . Since M is an elementary abelian p-group
for some prime p, we can view V = Irr(M) as a simple FG-module, where F is the ﬁeld of order p.
Then G acts nontrivially on V since it acts nontrivially on M .
Let λ and μ be irreducible constituents of αM and βM , and let X and Y , respectively, be the
stabilizers of λ and μ in G . By the Clifford correspondence, α and β are induced from X and Y ,
and XY = G by [2, Lemma 2.1]. Then X and Y have the nontrivial ﬁxed points λ and μ in V . This
contradicts Lemma 2.3. 
3. Proof of Theorem 2
In order to prove Theorem 2, we need the following lemmas.
Lemma 3.1. (See [2, Lemma 3.2].) Let V be a simple F G-module, and suppose that G = XY , where X and Y
are subgroups of G that have nonzero ﬁxed points in V . If N  G, then there is a simple F N-submodule U ⊆ V
such that N ∩ X and N ∩ Y have nonzero ﬁxed points in U .
The next result is Theorem 2.
Theorem 3.2. Let V be an absolutely irreducible G-module in characteristic p, and suppose G = XY , where X
and Y have nonzero ﬁxed points on V . Assume that G/O p′,p(G) is nilpotent. Then V is trivial.
Proof. Assume G is a minimal counterexample and note that V is faithful. Write K = O p′ (G) and
L/K = O p(G/K ). Then G/L is a nilpotent p′-group. Next, note that X cannot be contained in a proper
normal subgroup of G . For if X ⊆ N < G and N  G , then N = X(N ∩ Y ) and by Lemma 3.1, there is
a simple N-submodule U of V such that both X and N ∩ Y have nonzero ﬁxed points on U . But N
is not a counterexample, so U and thus N = 1, hence X = 1 and Y = G , and thus V is trivial since Y
has a ﬁxed point. Thus N cannot exist.
Now G/L is nilpotent, so if LX < G , there is a proper normal subgroup of G containing LX , con-
tradicting the above. Thus LX = G .
If K X = G , then |G : X | is not divisible by p, and this contradicts Lemma 2.1(b). (Actually, to apply
that directly, we would need Y to be solvable, which we do not have. But Isaacs’ argument does
not really require solvability. All that is need is that Y has a Hall p′-subgroup, which is true in this
situation.)
Now K X < G so let K X be contained in a maximal subgroup M of G . Then LM = G and L∩MM .
Since L/K is a p-group, we have NL(L ∩ M) > L ∩ M , and thus NG(L ∩ M) > M , so L ∩ M  G . Write
L ∩ M = D . We have VD is completely reducible and |M : D| = |G : L| is not divisible by p, so VM is
completely reducible by [1, p. 374, Corollary]. It follows that there is some simple M-submodule W
of V such that X has a nonzero ﬁxed point in W .
Now Y L = G , so Y D has p-power index in G . Then some conjugate of Y D contains M . (This is
because M/D is a p-complement in the solvable group G/D .) But then Y D = G .
Let VM = W ⊕ U , where U is an M-submodule. Let 0 = a ∈ CV (Y ), and a = a1 + a2, where
a1 ∈ W ,a2 ∈ U . If a1 = 0, then a ∈ U . Hence 〈aY D〉 = 〈aD〉 ⊆ U . Hence 〈aY D〉 is G = Y D-invariant,
contradicts to that V is an irreducible G-module. Hence a1 = 0.
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in W . Then W is the trivial M-module by the minimality of G . Since D ⊆ M , we see that CV (D) > 0,
and thus by the simplicity of V , it follows that D acts trivially, and thus D = 1. But DY = G , so Y = G
and the result follows.
By the similar proof of [2, Proof of Theorem A], Corollary 3 is proved. 
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